RESOLUTION OF VINZANT’S CONJECTURE ON PHASE RETRIEVAL INJECTIVITY

AssTrACT. Let A € CN*M with N = 4M — 5 has independent standard complex Gaussian entries. We
prove that the probability that the phase retrieval map generated by A is injective is strictly smaller than 1,
and is O(M~1) as M — co. This proves a conjecture of Cynthia Vinzant, which was later restated by Afonso
S.Bandeira in [BDL " 26]. The main result of this paper was obtained using generative Al, in particular GPT6-
Astra, GPT 5.6-sol, and the Rethlas system.
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1. INTRODUCTION AND MAIN RESULTS

Let N, M be two integers. Given a complex matrix A € CN*M | the phase retrieval problem aims to
recover a vector x € CM from |Ax

, where | - | is the entrywise modulus. In other words, one has access to
the modulus of N linear measurements, and the goal is to recover x € CM, Let T be the unit circle in C,
it is clear that one can only hope to recover x modulo T. More precisely, let C(mod T) be C™ modulo
T (meaning that x = (xy,...,xy) € CM and y=W,...,ym) € CM are equivalent if and only if there
exists |z| = 1 such that x = zy), we say A is injective for phase retrieval if the map
Dy :x € CM(mod T) — |Ax| (1.1)
is injective.
In [BCMN14], the authors conjectured that N > 4M — 4 linear measurements were necessary for
injectivity over C, and that generic 4M — 4 measurements were injective. While the second part of this
conjecture was proven in [CEHV15], the first was shown to be false when Cynthia Vinzant found an

injective set of 11 linear measurements in C* [Vin15]. As a remedy, a refined version of this conjecture
was later posed by Cynthia Vinzant (and stated again in [BDL"26]), which we state as follows.

Conjecture 1.1. Let M > 2, N = 4M — 5, and let A € CN*M pe q matrix whose entries are drawn i.i.d.
from the standard complex Gaussian distribution (a complex standard Gaussian has the law of a + ib where
a,b~N(0, %) are independent). Let pp1 be the probability that the mapping @4 defined in (1.1) is injective.
We then have:

(1) pm < 1 for all M.

(2) limp—o0 pm = 0.

The goal of this work is to prove Conjecture 1.1. Out first result verifies Part (1) of the conjecture.

Email address: .
Date: 2026/09/13.



2 RESOLUTION OF VINZANT’S CONJECTURE ON PHASE RETRIEVAL INJECTIVITY

Theorem 1.2. Let M > 2 and N = 4M — 5. Then, there is a nonempty open set U = CN*M sych that every
A € U is not injective for phase retrieval. In particular, this implies Part (1) of Conjecture 1.1.

Remark 1.3. Note that the case M = 2, N = 3 has already been established in [BCMN14]. Thus, in the
later proof we will focus on M > 3. In addition, we note that the case M = 2k + 1 was proved in

[CEHV15]. We would like to remark that it seems the construction in our work differs significantly from
that in [CEHV15].

Our second result verifies Part (2) of the conjecture.

Theorem 1.4. There exists a constant C > 0 such that ppy < CM™! for every M > 2. In particular,
limp—0 pm = 0.

Acknowledgment. We would like to thank Leheng Chen, Zihao Liu, and Haocheng Ju for introducing
the Rethlas system to him. We also would like to thank the Rethlas team, namely Haocheng Ju, Guoxiong
Gao, Jiedong Jiang, Bin Wu, Zeming Sun, Leheng Chen, Yutong Wang, Yuefeng Wang, Zichen Wang,
Wanyi He, Peihao Wu, Liang Xiao, Ruochuan Liu, Bryan Dai, and Bin Dong, for their contributions to the
development of Rethlas and its customized version used for the problem studied in this paper.

Declaration of AI usage. The main result of this work was obtained using generative Al In particular,
the proof of Theorem 1.2 is obtained by the Rethlas system, and the proof of Theorem 1.4 is obtained by
GPT 6-Astra and GPT 5.6-Sol. Both theorems are prompted by Zhangsong Li without any mathematical
inputs. We refer to [JGJ26] for a detailed introduction to the Rethlas system. Due to the limitations of
generative Al it is possible that we have overlooked some relevant references.

2. Proor or THEOREM 1.2

This section is devoted to the proof of Theorem 1.2. We will first invoke a result in [BCMN14] which
provides a reformulation of the injectivity of the map @4 defined in (1.1).

Lemma 2.1 (Lemma 9 in [BCMN14]). Let A € CN*M | and write its rows as ay,...,ay, wherea; € cM
and a]’.k is the conjugate transpose of a;. Define the real-linear map L on Hermitian matrices Q € cMxM
such that

LA(Q) = (a{Qay,...,a3Qan). (2.1)
Then the phase retrieval map @4 in (1.1) is injective if and only if ker(L ) contains no nonzero Hermitian
matrix of rank at most 2.

Provided with Lemma 2.1, to prove Theorem 1.2, it suffices to prove the following result.

Lemma 2.2. Let M > 2 and N = 4M — 5. Then, there is a nonempty open set U < CN*M such that
for every A € U, there exists a non-zero Hermitian matrix Q(A) € CM*M with rank(Q(A)) < 2 and
Q(A) e ker(L4).

Proof. We will first construct a pair (Ag, Qo) such that Ay € CN*M 0Oy e CM*M js rank-2 and Hermitian,
and Qo € ker(L4,). Then, we will generalize our construction to an open neighborhood of A, via the
implicit function theorem.

We first construct (Ag, Qo). Define

Qo = diag(1,—1,0,...,0) € CM*M (2.2)
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It is clear that Q is rank-2 and Hermitian. In addition, let ey, . . ., ep;_» denote the standard basis of CcM-2,
and let 0 denote the zero vector in CM—2. Define A, € CN*M with rows a}, where the transposes al.T of
the column vectors a; are the following tuples:

{(1,1,0), (1,—1,0), (l,i,O)}and

(2.3)
{(1, 1,e0), (1,1,iep), (1,—1,ep), (1,—1,iep):1 <l <M — 2}.

It is clear that for each of these column vectors a € CM, we have a*Qa = |a1]? — |az|*> = 0. Thus,
Qo € ker(La4,).
We now extend our construction to a small open neighborhood of Ag. Fors € R,b € Cand z,t € CM~2,
define
1+ 2 b “ h
D(s,b) = =2 , C(z,t) = : : : 2.4
(5 ) e[ .
ZM—2 tM-—2
For |s|, |b|, |z|, |t| sufficiently small, D (s, b) is invertible, and thus
D(s,b) C(z, t)*
Qls/b,2,t) = (C(z,t) C(z,)D(s,b)"'C(z, 1)) *
is an Hermitian matrix of rank 2, and also Q(0,0,0,0) = Q. For a column vector a = (u, v, wT)T e CM

(welet u,v € C and w € CM~2), consider

Fy(s,b,z,t) =a*Q(s,b,z,t)a.

(2.5)

Now, for any A € CN*M rite its rows as ay,..., al"i] with a; € CM, and define
V. CVM xR x Cx CM72 x €M~2 5 R™M=5, W(A,s,b,z,t) = (Fu.(s,b,2,t))1<i<N -

It is clear that both spaces R x C x CM~2 x CM~2 and R*™~5 have real dimension N = 4M — 5. In
addition, we have W(Ay,0,0,0,0) = 0. We now argue that

Ds b2tV (Ao, 0,0,0,0) is invertible . (2.6)

Note that the lower-right block CD~!C* has no linear term. Thus, fora = (u,v, w")" where |u| = |v| = 1
and for |s|, |b|, |z|, |t| sufficiently small, we have

Fa(s,b,z,t) = s + 2Re(bv) + 2Re(uz*w + 0t w) + O (|s|* + |b|* + [z]* + |t]?) .
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Plugging (2.3) into the above formula, we have

s + 2Re(b)

s — 2Re(b)

s —2Im(b)
s + 2Re(b) + 2Re(z; + t
s+ 2Re(b) + 2Im(z; + t
(
(

(b)
S — 2Re(b) + 2Re Z1— I 9 9 9 9
W(Ay,s,b,z,t) = 6 2Re(b) +olm(z, — f O (Is|* + |b|* + |z[* + [t?)

1)
)
t)
)
s + 2Re(b) + 2Re(ZM_2 +tpm—2)
s +2Re(b) + 2Im(zp—2 + tpm—2)
s —2Re(b) + 2Re(zpm—2 — trvi—2)
s — 2Re(b) + ZIm(ZM_2 — tM—z)

Thus, it is clear that (2.6) holds. Therefore, by the real implicit function theorem, for all A in some open
neighborhood U of Ay, there are small parameters (s(A),b(A), z(A), t(A)) such that

W(A,s(A),b(A),z(A),HA)) = (0,...,0).

Thus, the corresponding Q(A) = Q(s(A),b(A),z(A),t(A)) is rank-2, Hermitian, and satisfies Q(A) €
ker(La). ]

3. PrROOF OF THEOREM 1.4
Throughout this section, N = 4M — 5, the rows of A are aj, ..., ”;] with a; € CM, and
EMm = {A : Oy is injective}, pm = Po(Em),

where Py is the law of a matrix with independent standard complex Gaussian entries. We prove the
required estimate for all sufficiently large M; enlarging the final constant then covers every M > 2. All
constants in this section are absolute and independent of M. Vector norms are Euclidean; matrix norms
with subscripts op and F are the operator and Frobenius norms, respectively.

We use two deterministic facts. By Lemma 2.1, a nonzero rank-two Hermitian matrix in ker(L 4 ) implies
noninjectivity. In the indefinite case, if Q = Auu* — yvv* with A, y > 0 and orthonormal u, v, then VAu
and /i v are inequivalent signals with identical measurements. Also, for every invertible complex matrix
R, the maps @4 and ® 4R are either both injective or both noninjective, because x — Rx is a bijection on
CM (mod T).

For completeness, &y is measurable. Indeed, the set of Hermitian matrices with rank at most two and
Frobenius norm one is compact. The minimum of | L4(Q)| over this set is a continuous function of A,
and Lemma 2.1 identifies &)1 with the set where this minimum is positive.

The proof compares a probability law that favors an approximate rank-two ambiguity with a Gaussian
law having the same covariance in a random two-dimensional subspace. We first control the difference
of their likelihoods in L%, and then use a quantitative implicit-function argument to produce an exact
ambiguity under the first law.

3.1. The planted law and its Gaussian reference. Let y; be standard complex Gaussian measure on
€, with density t—%e~1=I°. Fix

1
n=—, S=M73 e =M°,
100
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For z = (z1,z3) # 0, set
z1|? — |z5]?
S(Z) = |Zl|2 + |Zz|2, T(Z) = —| 1|S(Z)| 2|

Under y3, S has density se ~* 150, T is uniform on [—1, 1], and S, T, and the two phases are independent.
This follows by changing variables from the two independent exponential variables |z;|?, |z2|?. Define

g(z) = k

o (T) + 1S(_z1)7> 14s(2)=0, [T(z)|<e} s cs = e (1 +10). (3.1)
Its value at z = 0 is zero. Direct integration gives § ¢ dy, = 1. Under the probability measure g dy»,
the two phases remain independent and uniform, T is uniform on [—¢, €], and S is independent of these
variables with density
[(1—n)+nsle”®
Cs
Consequently, this measure is centered, circular, and has covariance vps1,, where

(14+1)(1+ 0) +nod? 1+
N N n

1526. (3.2)

oM = 2(1+10) T (3:3)
Moreover, § e5/*¢ dy, < C and 0 < ¢ < CM2. The reference density is
r(z) = 0;42 exp[—(vl\_/l1 —1)S(z)]. (3.4)

Thus r dy, is complex Gaussian with covariance vpsl,. Both ¢ dy; and r dy; have mean zero, vanishing
pseudo-covariance, covariance vpl,, and a uniformly bounded exponential moment of S. For large M, r
is uniformly bounded.

Let U € CM*? be a Haar-distributed orthonormal two-frame. Relative to the original Gaussian law P,
of A, define two likelihoods

N N

Le(A) =By [ [gWU*a;),  L.(A) =Eu[[rU*a). (3.5)
i=1 i=1

They both have expectation one. Denote their probability laws by P; and IP,. Conditionally on U, the

reference rows have covariance Iy; + (vp — 1)UU*. Equivalently, under P,

A =GRy, Ry =IM+(\/Z)M—1)UU*,

where G is standard Gaussian, independent of U, and Ry is invertible. The deterministic invariance above
gives

IP;/(SM) =pMm- (3.6)
We will prove the following two propositions.

Proposition 3.1. Under the planted law, P¢(Ep) = O(M™2).
Proposition 3.2. The likelihoods in (3.5) satisfy Eo(Lg — L;)* = O(M™1).

We first prove Theorem 1.4 assuming Propositions 3.1 and 3.2.
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Proof of Theorem 1.4. Recall that Py(Ep) = P, (Em) = pm. Combining (3.6), Propositions 3.2 and 3.1, and
Cauchy-Schwarz gives

pPMm = ]PV(SM)
< Pg(Em) + [Eo[(Lr — Lg)1gy ||

< CM 2+ (Eo(L, — Lg)*) *\/pm

Cpm pm  C
<CM™ ——— <CM?+— + —.
Nm T2 "M
Rearranging proves ppr < C’M ™! for all sufficiently large M. Since pp < 1, increasing C’ covers the

finitely many remaining integers M > 2. m|
The rest of the section is devoted to proving Propositions 3.1 and 3.2.

3.2. A Gaussian correlation estimate for two cones. For a complex 2 x 2 matrix K with |K|o, < 1,
let Yk be the joint centered circular complex Gaussian law of (Z, W) € C? x C? with covariance

I, K
K* I,)°

Write Rx = dyx/d(y2 ® y2), 0 = |K|op, and A = det(I, — KK*). For [t| < 1 and a phase ¢, define

orthonormal vectors

: :(‘ (1+t)/2> b :< V(1 —t)/2 )
Lo et/ (1—1)/2) " Lo T\ et 1+ 1))2)
Let v¢ be the probability measure obtained by choosing ¢ uniformly and independently choosing a scalar
complex variable X with density
[(1 =) + nlxfJe e,

and setting Z = ¢4, X. Under v, T(Z) = t, the two phases are independent uniform variables, and S(Z)
has density [(1 — 1) + ns]e™® on (0, c0). Thus this is a precise probability measure on the cone, requiring
no formal Dirac-delta manipulations. Set

qn(K;t,s) = J Ri(z, w)vi(dz)vs(dw).

Lemma 3.3. For |t|,|s| < 1/4,

2
qy(K;t,s) < exp <t2 + 5% — %) ATV, (3.7)

Proof. All phase averages below are over independent uniform phases ¢, 1. Express K in the orthonormal

bases (ct,¢, bt,¢) and (cs,y, bs,yp):
d e
(7 9

To justify integration over the cone, let p 4 (x, C, y, @) be the Lebesgue density of yk in these orthonormal
coordinates. Then

R (ct,0x, cs,lyy)n_ze_p“z_‘y'2 = 1pg,u(x,0,Y,0).

This is a pointwise identity between Gaussian densities. Integrating in X, y expresses the cone integral
in terms of the density of the two constrained coordinates at zero and the conditional moments of the

remaining coordinates.
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Put 11y = 1 — |c|*. The joint density at zero of the two constrained Gaussian coordinates b} <PZ b 1/)W

.. . -1 R . . ..
multiplied by 7%, is 1, . Conditional on those coordinates being zero, the remaining scalar complex Gauss-
ian coordinates have covariance

2 2 =
e ec
01—1—u, (72—1—ﬂ 012=d+_.
Ug Ug Ug
This follows by taking the Schur complement of (% ) In particular, 0 < 01,0, < 1and |02|? < 0102 < 1.
pefine el + 117 jowal?
1 e’ + 0102 + |012
I =Eyy—, D=E , Q=E :
OB 1o oRY) Mg [oRlY 1o

The identity [E| X |?|Y|* = 0102 + |012|? for a centered circular complex Gaussian pair follows by expand-
ing into independent standard complex Gaussian variables. Applying it to the two radial weights in the
definition of v¢, v5 gives

qn(Kst,s) =T —n(1—n)D +n*(Q — I). (3.8)
We next prove three estimates for these phase averages.

The basic phase integral. For fixed v € C? with x = ||v]? < 1, define

1
Ji(v) = ]Equ-

Letu = 1—x/2 + t(|v1]* — |v2|?)/2. The elementary integral ;- So u—acosp)tdg = (u? —a?)~1?
gives J;(v) = R™!, where

|?’1|2 - |Uz|2

RE=(1—t)(1—x)+ ( +t(1—x/2)> . (3.9)

In particular, J;(v) < (1 —t?)~2(1 — x)~'/2. Using this with v = Kb,y and then Cauchy-Schwarz yields

) 1/2
I<(a-t)""E :
(-9 < wb;",ll)(lg—K*K)bsllp)

For any positive Hermitian 2 x 2 matrix B, the same circle integral gives

—1/2

< [(1—s%) detB]

More explicitly, if B = (B jk)? 4—;» then this phase average equals

[(1 o 52) detB + ((1 —8)Bi — (1 + S>B22)2]1/2.

4
Therefore
T <(1—1t2)7V2(1—s?) VANV, (3.10)
The quadratic radial term. If p < 1/2, then |o12| < ¢ + /(1 — 0?) < 40/3. If p > 1/2, the bound

|o12]* < 1 < 40? applies. Since 010, < 1, both cases imply
Q- T <40°T. (3.11)
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A lower bound for the radial correction. Fix 1, put v = Kb y and x = |v|?, and keep the notation u, R

from (3.9). Since |e|* + |c|* = x and Eyu, > = u/R, we have
le|? (1—x)u
Ey— =Ji(v) |1 - —;7"— |-
u? R?
The bounds R? > (1 —t?)(1 — x) and u < 1 — (1 — |t|)x/2 show, for |t| < 1/4, that
_ 2
(1—x)u > X it . Ex s
R? 2(1+t)) 1—-t2" 5
Let 7 = Ey[x]; (Kbs,y)]. We claim that 7~ > 01 /8. First, J; > 1 and
1—|s| 3 5

K|Z> =
K¢ s

so 7~ = 3p%/8. Second, on x < ¢?/4 we have J; < 8/1/45 < 4/3, and hence

2
7’>Q—< J—*).
4 3

The first bound proves the claim when 7 < 3; the second proves it when 7 > 3. It follows that
le|? 0 2
Epyp— === —2t") 1.
ez = \ 20

The same calculation with the roles reversed bounds the contribution of | f|2. Thus

1—

]E¢x =

7

2
D> (f—o —2(t* + sz)) I. (3.12)
Finally, plugging (3.11) and (3.12) into (3.8), since
1— 1
na-n 4n* = 0.00059 > —,
10 2000

we obtain )

, 0 V(42 4 Q2
qn(Kst,s) < Iexp{ 5000 2n(1—n)(t* +s )] .

For 0 < y < 1/16, —log(1 — y) < 16y/15. Hence the logarithm of the extra factors in (3.10), together
with the positive term in this exponent, is at most

8 _ 2 4 _ 2 42, .2
(15+277(1 n))t +<15+277(1 17))5 <7+ st
This proves (3.7). o

3.3. Uniform kernels and the L? comparison. In this subsection we prove Proposition 3.2. For a,b €

{g,r} put
Pab(K) = By, [a(Z)b(W)].

The following facts isolate exactly what is needed from the cone estimate.
Lemma 3.4. There are absolute constants c, C > 0 such that, for all sufficiently large M and all |K|,, < 1,
0 < pav(K) < exp(Cam — c|[K[2,) det(I, — KK*)7'/*, Cm = 26 + 262, (3.13)
and pa,(K) < CM52. Moreover, uniformly on a sufficiently small fixed neighborhood of zero,
pab(K) =1+ (1 —vm)*| K| + O(|K]). (3.14)

The constants in the remainder are independent of M.
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Proof. The law g d; is the average of the cone laws v; over t € [—¢, €], restricted to S > 0 and divided
by cs. Since Rk > 0, deleting those two radial restrictions can only increase the integral defining pg..
Lemma 3.3 gives

(K) < c;%exp | 2¢% — % AV Cexp | 20 + 26% — % ATV4
Peg\B) S €y eXP 2000 s exp 2000 '

For the reference density, let by = 1 — vy — (1 —1)/2 < 1/2. Gaussian integration gives exactly
prr(K) = det(I, — b3, KK*)~*. (3.15)

For0 <x <1land 1912\/I < 1/4, comparison of the logarithmic power series yields

—log(1 — bi,x) + ilog(l —x) < — <i - b12v1> X.

Applying this to the eigenvalues of KK* proves (3.13) for rr with a fixed positive constant c.
For the mixed kernel, take a singular-value decomposition K = Uy AV;*, where A is diagonal with
entries in [0, 1), and represent

Z = Uy (AV?X + (I, — A)?Xy),
W = Vo(AY2X + (I, — A)V?Xy),

using three independent standard complex Gaussian two-vectors. Put f(X) = E[¢(Z) | X] and h(X) =
E[r(W) | X]. Conditional independence and Cauchy-Schwarz give

pgr(K) = E[f(X)h(X)] < (Ef (X)* ER(X)*)"*
To identify the two second moments, replace X; or X, by an independent copy while keeping X fixed.
The resulting pairs have cross-covariances UgAU; = (KK*)Y2 and VoAV = (K*K)V2, respectively.
Therefore
1/2
por(K) < [ g ((KK)2) pyy (K*K)2) |

The two matrices on the right have the same singular values as K. This proves the mixed bound; the
reverse mixed kernel follows from p,¢(K) = pg,(K*). The uniform polynomial bound follows from
max (|| g, [7]eo) < CM>? and the unit mass of the other factor.

It remains to verify the local expansion. Under the product tilted law a dy; ® b dy,, the two vectors are
independent, centered, circular, and have covariance vpsl,. Expanding the Gaussian density ratio gives,
through degree two in K,

Ri(z,w) =1+ 2Re(z*Kw) + tr(KK*) — z*KK*z — w*K*Kw
+2 (Re(z*Kw))2 + higher-order terms.
The linear expectation vanishes, and the quadratic expectation is
(1—2vpm + 0%))|K[?

All odd homogeneous terms vanish because each tilted measure is invariant under multiplication by —1;
equivalently, pa,(—K) = pap(K). To justify a uniform fourth-order remainder, use the exact ratio

Ri(z,w) = A exp( — z*[(I, — KK*) ™! — L]z — w*[(I, - K*K) ™' — L]Jw
+ 2Re[z*K(I, — K*K) " 'w]).
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On a sufficiently small fixed matrix ball, its fourth directional derivatives are bounded by a fixed polynomial
in S(z) + S(w) times exp((S(z) + S(w))/8). The uniformly bounded exponential moments established
after (3.3) justify differentiation under the integral and the claimed uniform remainder. O

Lemma 3.5. For M > 4 and independent Haar orthonormal two-frames U,V € CM*2, the overlap K =

U*V has density

(M —1)(M —2)3(M —3)
4

dum(K) = cpr det(l, — KK MK, oy = , (3.16)

on |K|op < 1, where dK is Lebesgue measure on C*** ~ IR®.

Proof. Fix U to be the first two coordinate vectors by unitary invariance. Let z, w be the first two coordi-
nates of the first and second columns of V. The density of z is
(M —1)(M —2)
T2
This is the usual spherical projection density, obtained by writing a uniform complex unit vector as a

(1= 2™z <.

normalized Gaussian vector and integrating its remaining M — 2 coordinates. Conditional on the first
column, the second is uniform on the unit sphere in its (M — 1)-dimensional orthogonal complement. Its
first-two-coordinate projection is an elliptic spherical projection with shape matrix B = [, — zz*, and
therefore has density

(M —2)(M —3) oM
Y (1 —w*B'w)M 41 yep-141.
The complex linear change of variables has real Jacobian det B. Multiplying the two densities and using
detB =1 — |z|? and det(B — ww*) = det B(1 — w*B~1w) gives (3.16). O

We now finish the proof of Proposition 3.2.

Proof. Independence of the rows and Lemma 3.5 give
EolLaLa] = [ pan ()" dina(K). (3.17)

Write x = K| and by = 1 — v Since 4b5, — (1 —1)® < 1, the local expansion in Lemma 3.4 permits
a fixed o > 0 such that, on |K|,, < 7o, the product of the overlap density and any kernel raised to power
N is bounded by CM*e~“M* Indeed, use log A < —x and

log pap(K) < b3,x + Cx?

and decrease 1 until the quartic term is absorbed by the fixed gap 1 — 4b}2\/l‘ The local expansion also allows
us to ensure 1/2 < pgp(K) < 2 on this ball, uniformly in M. Thus the same density bound holds with the
exponent N — 1 in place of N, which will be used below.

The three kernels have the same quadratic term, so

[pas (K)N = pre (K)N] < CNx? max(pap (K), prr (K))N .

Consequently, their integrated local differences are at most
CNM! f [K|fe=MIKIE 4K — O (M),
R8

Here the integral is O(M ™) by rescaling the eight real coordinates.
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For completeness, the boundary of the matrix ball must also be controlled. Put By; = CM>?, enlarged
to dominate all three kernels. For | K||o, > 7o, apply the polynomial bound to twelve factors and (3.13) to
the other N — 12 factors. Since N = 4M — 5,

pab(K)NAM_4 < B]l\/zle(N—IZ)CM—C(N—lz)rgAM—4—(N—12)/4

_ B}Vzle(N_lz)CM_C(N_IZ)VSA1/4.

The matrix ball has fixed finite volume, cpr = O(M*), and N{py = O(M ™). Thus each tail integral is at
most a polynomial in M times e~ and is o(M ).
Combining these estimates in (3.17) gives

Bollg — L) = [1pse(K)™ + prr (K = 2950 (K) Vet (K) = OM ).
No pointwise positivity of the displayed integrand is needed: bound its absolute value by |p§]g —pN| +

2lpgy — vl o

3.4. An exact ambiguity under the planted law. We next prove Proposition 3.1. By right-unitary
invariance it suffices to condition on the planted frame U = (e, e;). Write the rows as (a7)*. Their
adjoint column vectors can be generated as

q/ Lt 5 LA / efi, wl (3.18)

where S; has den31ty (3.2), &; is uniform on [—¢, €], @;, B; are uniform phases, and w; ~ yp—2, all inde-
pendently. Let al. be the same vector with &; replaced by zero. For Qg from (2.2), we have (a Z.) Qoai = 0.
We use the same parameters and the same rank-two parametrization as in (2.4)—-(2.5):

D(s,b)=<1+55/2 b ) Cz b =(z 1),

—1+5/2

D(S,b) C(Z/t)*
QQ = Q(S,b,Z,t) = <C(Z,t) C(Z,t)D(S, b)1C(Z,t)*> ‘

Here O consists of s, the real and imaginary parts of b, and the real and imaginary parts of z, t, with
[0]7 ="+ [b]* + 1z]* + [1£]*.

Its real dimensionis 3+4(M —2) = 4M —5 = N. On a sufficiently small fixed ball about zero, D = D(s, b)
is invertible with one positive and one negative eigenvalue. Writing C = C(z, t), the factorization

I 1%
Qg:(CD_1>D(IZ D~!C*)

shows that Qg has rank two and the same inertia as D. Define F¢ : RN — RY on this ball by

(3.19)

. ((Z.E)’kQ@cl‘.s
F{(0) = ———.
[0) = =5
Then F°(0) = 0 and F} (0) = &;. Let Jo = DF°(0).
Lemma 3.6. The independent real rows of ], satisfy
sup P(|(Jo)iv| <u) <Cu'®,  o<u<it, (3.20)

lof=1

uniformly in M.
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Proof. Write a unit coefficient vector as (a, 8,7, p, ), where a, B,y € Rand p, g € CM~2. Differentiating
(3.19) at zero and absorbing the common phase into w;, its scalar product with a row of ], has the law

% +ﬁcos¢—ysin(]§+\/%Re[w*(p—i-ei‘pq)], (3.21)

where ¢ is uniform, w ~ yp_, and S has (3.2), independently. Also ES"/* < C.
Suppose first that [[p|? + ||g]|* = 1/4. Conditional on S, ¢, the last term in (3.21) is a real centered
Gaussian of variance V (¢)/S, where

V(o) = lp+eql” = Ip|* + l9]* + 2Re(e’*p*q).

The elementary cosine sublevel estimate gives Py (V(¢p) < t?) < Ct. To see uniformity, the constant
term is at least 1/4 and the oscillation amplitude is at most that constant; the worst sublevel set occurs at a
quadratic zero of the cosine. If the oscillation amplitude is less than half the constant term, the sublevel set
is empty for all sufficiently small ¢. Splitting according to V' < #* and using the Gaussian interval bound

S
P(|(Jo)i,v| <u|S) < Ct+ Cu\TF.

Taking t = (1~/S)"/? and averaging over S yields Cu'/2, which is sufficient.
Otherwise, a® + %+ y? > 3/4. The trigonometric polynomial 7 (¢p) = a/2 +  cos ¢ — ¥ sin ¢ satisfies

Py (Im ()| < t) < CVt.

Indeed, if 4/f% + 2 is bounded below, this is the arcsine-density interval estimate. If that amplitude is
sufficiently small,

on the complement gives

a|/2 is bounded away from zero and the assertion is immediate. For |m| >t > 2u and
any o > 0, a one-dimensional Gaussian satisfies

P(jm + 0G| < u) < c%.

For ¢ > 0, maximize the Gaussian density over ¢ at points of distance at least |m| — u > |m|/2 from zero;
the case 0 = 0 is immediate. Taking t = u%? proves the bound Cv/t + Cu/t < Cu'/® for small u, and
increasing C handles the remaining u. O

Lemma 3.7. For0 < x < 1/v/N,
P(Smin(jo) < K) < CN(\/NK)I/?)
In particular, with x« = M2 the failure probability is O (M~7/9).

Proof. For each row, condition on all the other rows and choose measurably a unit vector orthogonal to
their span (for example, by projecting the first standard basis vector with nonzero orthogonal projection
and normalizing). This normal is independent of the remaining row. Lemma 3.6 bounds the probability
that its scalar product with that row has magnitude at most u by Cu'/3. Therefore the same upper bound
applies to the event that the distance d; of that row from the span of the others is at most u. For an
invertible square matrix, the norm of the ith column of its inverse is d;l. Hence

min; d;
VN

For a singular square matrix at least one d; is zero, so the same implication used in the probability bound

Smin(]O) =

remains valid. A union bound with # = /N « proves the lemma. O
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Proof of Proposition 3.1. The radial density (3.2) has a uniform exponential moment, and w; is Gaussian.
Thus, with probability at least 1 — CM e~ M
max |af]* = max[a?[* < CM. (3.22)
i
Also S; = 6 = M™? deterministically. On a fixed small ball in the chart (3.19), the first two derivatives
of Qp, as maps from its Euclidean coordinate space to operator-norm matrices, are bounded by absolute

constants. This follows directly by differentiating CD~'C* and using the uniform bound for D~!. Con-
sequently, on (3.22), the Jacobian of F¢ is Lipschitz with constant

L<CVNM/5 <CM'2 (3.23)
—al|| < Cev/Sj, s0
IDEE(0) — Jolop < CeM?,  |FE(0)] < eVN. (3.24)

For the first bound, each row-gradient difference has norm at most C([|a¢ ||+ |a?()[a¢ —a?[/S; < Cer/M/0;
then take the Frobenius norm over N rows.
Intersect (3.22) with Spin(Jo) = ¥ = M~ !%. Lemma 3.7 shows that this event has probability at least
— O(M™17/6) — CMe~M. On it, (3.24) implies that . = DF¢(0) is invertible and ||J; " op < 2K~
Consider the map W(0) = 6 — ], 'F¢(6) on the closed ball of radius

Ry = 4k 'evV/N.

Its value at zero has norm at most Ry;/2, and (3.23) gives

sup [|[DW(0)]op <2k 'LRM < Ck2eM* = O(M™%) <
l0<Rm

N | =

Also Ryt — 0, so this ball lies in the fixed chart. Thus W maps the ball to itself and is a contraction. Its fixed
point 0, satisfies F*(0,) = 0. The matrix Qg, is an indefinite rank-two Hermitian matrix annihilated by
all the measurement forms. It produces an exact ambiguity by Lemma 2.1. Therefore

Po(Em) < O(M™17°) + CMe™M = O(M?). O
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